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Active Vibration Suppression in Flexible Spacecraft
Attitude Tracking

S. Di Gennaro*
Universita di L’Aquila, 67040 L’Aquila, Italy

The active suppression of vibrations of spacecraft flexible appendages during attitude tracking or large-angle
maneuversis discussed. On the basis of a model obtained using the Lagrangianapproachand the unitary quaternion
parameterization, piezoelectric actuators are used to damp the vibration of flexible booms induced during the
maneuvers. The results of simulation reveal the interest and the practical feasibility of such a control scheme. The
control law requires only the measure of the attitude and the angular velocity. The absence of flexible displacement
and velocity sensors is compensated for by the presence of appropriate dynamics in the controller.

I. Introduction

HE activecompensationof flexiblebendingduring attitude ma-

neuvers is an intriguing problem that has recently stimulated
research activities. Both small satellites with flexible booms and an-
tennas and large space stations composed of light deformable struc-
tures will get benefits from the developmentof distributed damping
control. Moreover, due to the intensive use of deformable frames in
the design of spatial stations, where weight and cost of structures
are crucial issues, this is an important problem in future space mis-
sions, where pointing precision, shape control, and integrity of the
structures are prior mission requirements.

For these large structures the dynamic behavior can be difficult
to predictanalytically. The main problems arise from the unreliabil-
ity or impracticality of structural tests on Earth. The performance
of controls designed on the basis of perfect model knowledge can
be deteriorated, and these difficulties can lead to on-orbit behav-
iors, which can be substantially different from preflight ground test
measures or analytic predictions. One way to overcome these prob-
lems could be the use of adaptive control schemes,'2° where the
structural parameters are adapted during the space operation. An
alternative to this approach is the use of structures with distributed
actuators, sensors, and decentralizedcomputation capabilities. This
structure design makes them, in some sense, more intelligent and
at the same time allows for the implementation of different control
strategies, such as decentralized or hierarchical ones.

Among the active control schemes presently available, those
based on distributed piezoelectric actuators and sensors have been
the subject of renewed interest in the field of smart structures and
structural vibration control. In fact, these devices turn out to be ex-
perimentally effectivein damping out the vibrationsof simple struc-
tures. This characteristic, together with their intrinsic distributed
nature, high displacementresolution, and wideband characteristics,
i.e., lightness, high performance,and low power consumption, make
these devices appealing candidates for controlling the vibration of
structures with more complicated geometries. The research aim is,
therefore, to exploittheirintegrabilityinto structures withembedded
or bounded piezoelectric layers.

There are many contributions on this subject in the literature.
Most of them have the aim of determining an accurate modeling of
structures with such piezoelectricactuators. Analytic models, exper-
imentally tested, can be found in Refs. 21 and 22, whereas optimal
control policies have been studied in Ref. 23 (also see references
therein). The study carried outin Ref. 24 underlines the advantages
of a control making use of piezoelectricactuators. With the present
technology, these actuators can be more effective for damping vi-
brations of small amplitude. Nevertheless, the fine tuning of the
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attitude of a spacecraftstructureis of crucial importance, especially
at the very beginning and at the end of a large rapid maneuver or
during the tracking of a desired trajectory. In fact, these actuators
have been revealed to be very effective for suppressing the vibra-
tions of flexible appendages, as shown in Refs. 25 and 26, where
these actuators have been tested on experimental structures. Other
motivations and benefits in the use of active control technology can
be found in Ref. 27.

Far from giving a complete response to all of the open problems
thatare involvedin active vibration control, in this work we propose
a solution for attitude control of a spacecraft with flexible elements,
following a Lyapunov approach. This controller consists of a dy-
namic compensation that uses only attitude and angular velocity
measures. Such a characteristic eliminates the need for measuring
the whole state of the system and, in particular,modal displacements
and velocities. The independenceof the controlleron real-time mea-
sures of flexibility must not be considereda defective characteristic.
As a matter of fact, our compensator, composed of a dynamic part
that, roughly speaking, represents an internal model of the flexible
dynamics developsa control action based on the differencebetween
the measured and estimated effects on the controlled variables.

The spacecraftis supposed to constitute a rigid main body and
a flexible boom carrying a payload. The piezoelectric actuators are
here used to actively dump the negative effects of vibrationsinduced
by maneuvers, which could destabilize the spacecraft behavior in
presence of saturationon inputs. The problems encountered are the
tracking of a desired trajectory and the execution of large attitude
maneuvers. It has been shown that the first turns out to be an atti-
tude maneuver problem of a time-varying system, the time-varying
term depending on the desired trajectory. Hence, the kinematics
are described in terms of error quaternions of the actual attitude
with respect to a desired one. The actuators used are gas jets and/or
reaction wheels, together with piezoelectric films bounded to the
flexible boom. Their expansion or contraction, due to the applied
electric field aligned or opposed with the film polarization axis, de-
termines longitudinalbendingstressesusedto counteractthe boom’s
undesirable vibrations.

In the following section, the kinematic equations of the attitude
error and the dynamics of the spacecraft are recalled on the basis of
the Lagrangianapproach.In Sec. III, the Lyapunov techniqueis used
for designing a dynamic controller based on position and angular
velocity measures. Different control schemes are considered, either
in case of gas jet or reaction wheel control mode. Simulations in
Sec. IV illustratethe performancesof the proposed controller. These
can also be considered as a robustness test because the controller
is applied to a more accurate spacecraft model. A discussion of the
presented results concludes the paper.

II. Mathematical Model of a Flexible Spacecraft

The kinematic equations will be given in terms of unitary quater-
nionsey(t), e (1), e,(t), e3(t) (Refs. 3,28, and 29). They express the
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Fig.1 Spacecraft with flexible booms.

attitude error of the reference R fixed with the main body, having
its origin in the attachment point of the flexible boom with the main
body (see Fig. 1), with respect to a desired reference frame R,.
Their dynamics are

éo (1) 1[—e" (0
I:é(t)} —5[ R() i|[w(t)_wd(t)] (1)
where
e (t)
e(t) = | ea(r)
es(1)

(1) and w, (t) are the angular velocities of R and R, and

e(t) —e(t) e()
Rit)y=| es(t) et) —ei(t) | =eo(t)] +e(r)
—e(t) el(t) e (1)

0 —es3(t) e 1)
e=| es(t) 0 —e ()
—ey(t) el(t) 0

Note that the quaternions are subject to the constraint condition

3

doem=1

i=0

so that ey(¢) can be computed from the components of the e(?)
vector.

The dynamic equations can be derived by the Lagrangian ap-
proach.3%3! In the following we refer to Refs. 1, 2, and 8 for details
of the derivation of spacecraft dynamics. The elastic deformations
of the mass element of coordinate z of the flexible appendage along
the x and y axes are u,(z,t) and u,(z, ), whereas the torsional
deformationaroundthe z axisis ¥, (z, f). They can be approximated
as a linear combination of a finite number of admissible functions
qD,\'i’ qDyi’ and q)zi’

N
u (2,0 =Y Pu@ni(t) = DL (Dm0

i=1

N
uy(z.0) =Y @y @mi(t) = L @m()

i=1

N
92,0 = Y @@ (1) =L @n(1)

i=1

Here n;(¢),i = 1,..., N, are the modal deformation coordinates
and N is the number of significant modes. Obviously, n(r) =
(@) - av@®1".

The rotational and elastic dynamics of the spacecraftare obtained
by computing the kinetic and potential energies and then applying
the Lagrange equations.? The total kinetic energy 7 (¢) of the flexi-
ble spacecraftis the sum of the kinetic energies associated with the
main body, the flexible boom, and the object placed on the tip of
the boom. The potential energy is due to the flexibility of the boom,
whereas the effect of the (nonconservative) viscous damping forces
can be taken into account by supposing that they are proportional to
the generalized velocities and are taken into account by introducing
a Rayleigh dissipation function. Finally, the boom is covered with
two piezoelectriclayers reacting to the x- and y-direction deforma-
tions. These layers are homogeneous, isotropic, perfectly bonded
to the boom, and of constant thickness.If u () and u ,, (t) are the
voltages applied to the films, the bending moments around the neu-
tral axis of the composite boom are given by M, (f) = —c i1, ()
and M, () = —c,,u,,(f), with ¢, and c,, constants depending on
the geometry and the nature of materials.”>=2 Here it is supposed
that each film is not seriously influenced by the flection induced by
the other.

By consideringsmall displacements,from the Lagrangeequations
one obtains'®!!

Jow (1) + J,LX1) + 8T (1)

= —&[Jw(®) + L) + 8] 9(1)] +u, (1)

L&) + Q)] = u, (1) @

H(1) 4+ Ciy(6) + Kn(t) = 80w (1) — 8yu (1)

Note that with the small displacementapproximationa simple model
is derived; this is easy to manipulate and more suitable for control
design. The exact model, time varying and more difficult to handle,
can be used instead for verifying the effectivenessof the control law,
derived on the basis of the simplified model. Another difference be-
tween these two models is the number of elastic modes considered.
In Eq. (2) J, is the total symmetric inertia matrix of the undeformed
structure, J, is the symmetric inertia matrix of the reaction wheels,
and w(r) and €X(¢) are the angular velocities of the main body and of
the reaction wheels. Furthermore, § is the coupling matrix between
flexible and rigid dynamics, and §, is the coupling matrix between
the piezoelectricactuators and the flexible dynamics. Moreover, u,
is the torque acting on the main body and produced by the gas jets,
u, (t) is the torque imposed by the reaction wheels, and

(1) = ["”"m}
upy (t)

is the vector of the voltages applied to the piezoelectric layers. Fi-
nally, C =diag{2¢j e, ..., 2{ywy} and K = diag{w?, ..., »} } are
the damping and stiffness matrices, respectively.

The state variables chosen to describe the dynamics of the space-
craft are the quaternions e (¢) and e(?), the spacecrafterror angular
velocity w, () = w(t) —w,(t), the reaction wheels angular velocity

Q(t), the modal displacements 1(¢) relative to the main body, and
the variable

P(1) = dyw. (1) +n(1) (3)
representing the difference between the total modal velocity
Sow(t)+n(t) and w, (t) expressedin modal coordinates. Further on
this will simplify the computational developments in the next sec-
tions, maintaining a physical meaning of the state variables. Hence,
we obtain

éo(t) = —3e" (Nw, (1), é(1) = FR(Nw, (1)

w.(t) = Jg { —Nlw, (1), Q1), (1), wa(1)]
+87[Cy(t) + Knt)] — 8] Coow, (1)

@)
Fuy () — u, (1) + Aou, ()} — oy (1)

() = P(t) — dow. (1)

P(t) = —[CP(1) + Kn()] + Coow, (1) — S, (1) — Sowa (1)

Q) = —w () + I 'u, (1) — w(t),
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with
Jio=Jo — J, — 818 5)
N{w, (1), Q(t), (1), wa (t)] = [@. (1) + Da(t)]
x [(Jo = 8 80)w.(t) + Q) + 67 (1) + Jowa (D] (6)

and Ay = 80T 8. This model will be used in the following section to
derive the desired control laws.

Note that model (4) is similar to that used in Refs. 10 and 11,
and the main differences are due to the term of the piezoelectric
actuators and the different choice of state variables.

Remark 1. If the reaction wheels are absent, the corresponding
dynamics must be removed. This leads to the elimination of the
dynamics of the variable £(¢) in the model and to the setting of
u,(t) and J, to zero in the expressions of J;o and of the gyroscopic
term N:

Jo=Jo— 5550 (7
N = [@,(1) + @ (D[ Jiowe (1) + 85 (1) + Jow (1) ]

= Nlw, (1), (1), w, ()] ®)
O

The outputsto be controlledare the quaternionvectory; (t) = e(t)
and the physical displacementvectory, (t) = ®7 (/)n(¢) of the flex-
ible appendagetip. Here ® (/) is a matrix that transforms the modal
coordinates into real ones, calculated at the tip of the appendage of
length /. The control must ensure the convergence to zero of both
outputs as ¢ tends to infinity, that is, it must allow the asymptotic
tracking of the desired attitude with zero tip displacement.

III. Design of a Dynamic Controller with Position
and Angular Velocity Measures

In this section we develop a controller for actively damping vi-
brations, on the basis of the simplified model (4). The role of the
piezoelectric actuators is to increase the internal damping of the
flexible structure. The main problems are caused by the difficulty in
determining the modal variables. To overcome these problems and
to reduce the number of sensors, a dynamic controller is proposed
hereinafter, which makes use of spacecraft position and angular
velocity measures. As already stated, the control aim is to ensure
that the outputs tend asymptotically to zero. Nevertheless, all of the
state variablesrepresentingerrors implied by the tracking maneuver
must tend to zero. The stability study of the state-space origin and
the derivation of the controller solving the problem are conducted
by making use of the Lyapunov function technique. Because the
system is time varying, the asymptotic stability is deduced by using
the Barbalat theorem.*

A. Gas Jets Control Mode

The first case concerns a spacecraft actuated only by gas jets.
The reaction wheels are, therefore, absent. The estimates of modal
variables are denoted by 7)(t) and ¥ (¢). We demonstrate that the
dynamic controller that ensures the control objectives is that given
in the following statement.

Theorem 1. Let us consider the dynamic controller

t ~
|:7Z( ):| =IMw®), §(®), (1), wa ()]
P(@)

Ao
— A [Zm}  AcB.Sowe(t) — Budowa ()

4 pe Ko
: dolwe () + wa(®)] + Cdo

MEN oo [0
e G

}[e(t) +w. (0]

ug(t) = _kpe(t) - kdwe(t) - %JIOR(t)we(t)

+N[we (1), (1), wa ()] = 8 [Cap(t) + Kij(t)]

+50TC50‘-'-’e(t) — Aoty (1) + Jiowy(t) (10)
(1)
up(t) = upl(t) = 827-()‘«11 Aal) |:’l£(t)i| (11)

with Jy, as in Eq. (7),
N{w, (1), (1), wa(1)]
= [@,(t) + g (D[ T1ow, (1) + 8T (1) + Jow(1)]

and k,, k; > 0, X1, A, > 0 fixed quantities,

0 I 0
AL‘ = ’ BL‘ =
—-K -C I
A, = A, — B.&8Y 0T Aol

0 I
- |:—(K +1.887) —(C +125252T)}

T P, P .
P =P = pr p. ) i=1,2
i i3

positive definite matrices, solutions of the equations

and

PA, + AT P —_0, <0, P,A. + AT P, 0, <0
2 2 (12)
where
M0
©= ( 0 M’)
(13)

o= (" O )+ (M) ssrBre
PTN0 AL ol ) 22 T

are fixed positive-definite matrices, with A, A, Aeys )W > 0. This
solves the control problem for system (4) in the absence of reac-
tion wheels, with a desired angular velocity w, () € L [0, 00) and
derivative w, (t) € L,[0, 00) N L [0, 00). O

Note that Q> > 0 for an appropriate choice of 2., and A, and
that the solutions P; exist because o (A,) C C7, 0(A,) C C™, with
o () denoting the set of eigenvalues.

This resultis proved by using the well-known Lyapunov function
technique. Refer to Ref. 33 for further details. In this approach the
stability nature of the origin of the state space, where the variables
evolve,can be determined by examining the derivativeof a (positive
definite) Lyapunov function V along the trajectories of the system
(4). The choice of V can be critical in some cases, whereas in others
itis simply the energy of the system. Intuitively,if its variationalong
the system’s trajectoriesis negative, the “system energy” decreases
and the trajectories tend to the origin, which is asymptotically sta-
ble. When this derivative is less than or equal to zero, we can try
to apply an extension of Lyapunov theory developed by La Salle.
This again allows for the statement of the origin asymptotic stabil-
ity. Unfortunately, the study is more complicated for time-varying
systems; however, a very interesting tool that can be used in such
cases is the Barbalat lemma. The starting pointis again the choice of
an appropriate Lyapunov function, which is here taken as a function
composed of three contributions,

Vilx(®), 1] = V. [x (@), 1] + Vi [x(D)] + Valx(1)]
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where
V,lx(0). 11 = (k, + k){leo(t) = 1P + e (Ne()}
+Le(t) + we (O] Jle() + w, (1)) (14)
_ 1o T n()
Vi@l =S () " 017, [ wm} (15)
1 e, (1)
Valx()] = 5[e) () ej (0] P L; m} (16)

with e, (1) = n(t) — A1), e, (t) = (1) — 2p(t), and
x=[0) WO ') Y0 ) &n]

the vector of state variables. Remember that ¢,(¢) is a function of
e(t). Note that V, is the Lyapunov function that allows us to de-
termine a stabilizing controller in the case of rigid spacecraft.!®
Moreover, V, is the term necessary to account for the presence of
the flexible appendage. Finally, V, appears in the Lyapunov func-
tion V; because the estimates 77 and v are used in place of 77 and 1);
this further term allows for the determination of the updating laws
7 and ) for the estimates.

Let us now compute the time derivatives of each term along the
trajectories of the system (4). Because u, (t) =0 and J, = 0,

Vi[x(1), 1] = (k, + ka)e” (Dw, (1) + [e(1) + w (D))
x {%JmR(t)we(t) — Nlw, (1), P (1), wy(1)]
+ 87 [C(t) + Kn(1)] — 8] Coow, () + u, (1)
+ Aou,(t) — med(t)}
Vilx()] = [n" (1) " ®)]P, (17)

x {Af ["m} — BuSouy (1) — AcB.Sow. () — Bfaowdm}
) ’

) t
Vabe) = [e] @ €] [AC [Z((tﬂ

. ()
_Bc82up(t)_Ach(SOwe(t) - Bcaﬂwd(t) - A
(1)
with N[w, (1), (1), w,(t)] asin Eq. (8). Substitutingin Eq. (17) the
controls(10) and (11), which can be implemented under the hypoth-

esisthatbothw,(¢) and w,(7) arebounded,i.e., [w, ()|, w, ()| €
L [0, 00), Vi[x(¢), t], takes the form

Vilx(t), 1] = —k,lle®)* — kyllw. (0]

= )
T T P A n
+n () P O~ c|:¢(t):|

—[n" @) %" (OIPABSow. (1)
—[n" (1) P O1PB.Sywa (1) + [el (1) e} ()]

- | @ - e, (1)
x (P2 {AC [1#(0} + B.8,8T 0l 2a0) [ew(t)}

— AcBeSow. (1) — Bodowa (1) — [70)“
P(1)

* o N+ w,
8ol (1) + @g(1)] + C, [ 16O T e O]

)\.1[ n
8,8 BT P
+(M> e <w>)

Now the updating laws (9) ensure that
Vilx(1), 1] = =k, lle)I* — kgllw. (0)]

g T n(t)
[n" (1) ¥ (DO, [1&(0}

—[n" () P (O1PABSw, (1)
—n" (1) P O1PB.Sywa (1) — [l (1) e} ()]
(Ml - e, ()
o (2]
where Egs. (12) were used. Finally, with the choice (13), we obtain
Vilx(t), 1] = —x" (1) Qx(t) — [n" (1) " (1)1 P1B.Sowa(t)

< =@ + allwa @)l @)

with

k1 0 0 0 0 0
0 kg MI MI 0 0
o=| 0 M Wl 0 0 0
0 My, 0 I 0 0
0 0 0 0 Al 0

0 0 0 0 0 &l

My = —1(Py = P,,C)s, My = —1(P], — Pi5C)s,

and),, = mino (Q)anda = ||P;A.B.3|. The matrix Q is positive
definite because

a0 (M
kel — (M7 M2T)|: o <1/M)1}<M;>

1 [87 (P — CPL) (P — P08,
=kil =7 Y

n

. 87 (P — CPL)(PL — Pmc)ao} 0 0s)

Ay

for appropriate values of k4, A,, Ay, and, therefore, A,, > 0.
Integrating both sides and using the Schwarz inequality

b 2 b b
[/ y(r)z(r)dr} s/ yz(r)dr/ () dr
we have

Vilx(®), 1] = Vi[x(0), 0]
< —)»m/ lx(0)lI? dz +(¥/ lwa (@ IHlx(T) | dT
0 0

< = %13 + allwg 2 1%l (19

where || - ||, denotesthe L, norm. Moreover,because V;[x(?), t] > 0,

Mnllxll; = allwg lla x> = Vilx(0), 0] = Vi[x (1), 1] < V;[x(0), 0]

and supposing that w, () € L,[0, o0) N Ly [0, 00), we obtain the
bound

ol

1 o a .
llxll> < \/?{Vl[x(o), 0]+ Kllwdlli} + K“wdHZ

Hence, x(t) € L,[0, 00). From this and relationship (19) it follows
that, under the hypothesis given for w,(t), V|[x(¢), t] is uniformly
boundedin ¢ along the solution trajectories, i.e.,

lim Vi[x(1),t] < o0
1 — 00
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This implies thatx(?) is uniformly bounded. Moreover, from Eq. (4)
it is also clear that x(¢) is uniformly bounded, and this implies that
x(t) is uniformly continuous. Therefore, becausex(¢) is a uniformly
continuous function in L,[0, o), from the Barbalat theorem®> we
have that

lim x(t) = 0,

lim y, () =0, lim y,(t) =0

t— 00 t— 00 t— 0o
Hence, the proposed controller fulfills the control objectives.

Remark 2. If the active actuators are absent,i.e., A; = A, = 0 in
Eqgs. (9-11), theorem 1 still retains its validity. From the expression
of A,, it is clear that the role of the active control is to increase the
damping and stiffness of the flexible boom. Note also that the struc-
ture damping matrix is C + 1,8,8] . Hence, if the internal damping
is negligible, i.e., if C = 0, the damping matrix is simply 1,8,87 .
This matrix has some of its eigenvalues in the origin; they corre-
spond to the torsional deformation. Physically, this is because the
piezoelectric films can increase the stiffness linked with the defor-
mations in the x and y directions, but (ideally) not the stiffness
related to the torsion. This means that the controller of theorem 1
fulfills the control objectives but does not ensure asymptotic stabil-
ity because it does not damp the torsional deformations. This could
be a drawback in some practical cases, whereas in others it could be
an acceptable behavior. O

Remark 3. The control (10) is nonlinearbecause of the gyroscopic
term. Note that for rest-to-rest maneuvers, where w,(t) = 0, this
term can be eliminated. In fact, in this case the dynamic controller
could be derived by using the Lyapunov function

Vi[x(®)] = ky{leo(t) — 117 + €” (De()} + 2w, (1) Jiow. (1)
where
V,lx(0)] = w! (O fk,e(t) + 8T [Cp(t) + Kn(0)]

— 80 Cyw, (1) + 1y (1) + Agu, (1)}

This leads to the following controller:

N [70)} — A, Bdow, (1)
P(t) P(t)

l 1
— B.Syu, (1) + Py <A11> %3, B P [Z((t))}
2

u (1) = —k,e(t) — kyw, (1) — 85 [CP(1) + KR (1)]

+(S(7]-C(Sgwg(t) - A()upl (t)

up(t) =Up ()

which fulfills the control objectives because

Vilx (0] = —kallw.OI* =" (1) 7 ()10 [Z((ttﬂ

i e, (1)
—[er @) ey )] [QZ - (ALJWBZPI} [e;m} <0

(La Salle theorem, Ref. 33). O

B. Reaction Wheels Control Mode

When reaction wheels are present, different situations are possi-
ble. In fact, we can have maneuvers performed by a combined gas
jet and reaction wheel action, or maneuvers performed by gas jets
only, or maneuvers obtained with reaction wheels only. Hereinafter
we analyze these three cases and we give the controllers that solve
the control problem, as summarized in the following theorem.

Theorem 2. Under the hypotheses given in theorem 1 for the
referencewy (¢), the following dynamic controllerssolve the control
problem for system (4) in the presence of reaction wheels.

Stabilization via gas jets and reaction wheels:
() .
A =Tw®), N0, P@), wa(1)]
P(1)

ug(t) = _kpe(t) - kdwe(t) - %JIOR(t)we(t)
) ) (20)
+N[w, (1), Q1), (1), wa ()] = 85 [Cep(t) + K(1)]
+85 Coow, (1) = Aot (1) + (Jio + J)wa (1)
u (1) = _er(t) + Jrwa (1), u,(t) =up ()

Stabilization via gas jets:

P()
ug(t) = _kpe(t) - kdwe(t) - %JIOR(t)we(t)

() R
{"- } = Tw(t). 71(1). (1), wa(0)]

21
+ Nlw. (1), Q(1), (1), wa(1)] — 8 [CP(1) + K7j(1)]
+8§C80we(t) — Aoty (1) + Jiowy(t)
u (1) =0, up(t)zupl(t)

Stabilization via reaction wheels:

() R
TN = Tw @), 70, (1), wa(0)]
D)

u, (1) =0

u,(t) = kye(t) +kyw, (1) + 3 J1oR()w, (1) (22)

— N[w, (1), Qt), (1), wa(t)] + 55[Ciﬁ(t) + K7(1)]
—8§C80we(t) + Agp (1) — Jipw, (1)
up(t) = upl(t)

with Jip, TTw(1), 7(1), (1), w, ()], andu,, (1) defined in Egs. (5),
(9), and (11); and P, and P, solutions of Egs. (12) and (13); and

Nlwe (1), Q(1), (1), wa ()] = [@c(t) + Ga(t)]

x [(Jo = 8780 )we (1) + 1, Q1) + 8T 2p(1) + Jow,(1)]

O
Remark 4. Controllers (20-22) all ensure the solution of the con-
trol problem. The differenceamong these controllersis thatalthough
the stabilization via gas jets and reaction wheels guarantees that
also the reaction wheels angular velocity €(¢) goes to zero, the sta-
bilization via gas jets or via reaction wheels determines a simply
bounded angular velocity (7). O
To prove this statement, we have considered, first, the stabilization
via gas jets and reaction wheels and the Lyapunov function,

Valx(0), 1), 1] = Vi [x(0), 1]+ 2w () + Q)" T [w. (1) +Q(1)]
which is similar to the function V;[x(?), t], as defined in Sec. IIL.A,

with a small modification taking into account the presence of the
reaction wheels. Therefore,

Val[x (1), Q(1), 1] = (k, + ko)e” (Dw (1) + [e(r) + w.(D)]"
X {%JmR(t)we(t) — Nlw, (1), (1), (1), wa (1)]
+87[CY(t) + Kn(t)] — 8] Coow, (1) + uy (1) — u, (1)
+ Aou, (1) — Jgwa (D)} + Vilx(D)] + Vi[x(0)]

+ [w (1) + QO [u, (1) = J,w, ()] (23)
where Vf [x(r)] and V,[x(¢)] are as in Eq. (17).
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Hence, the control problem can be solved by means of the con-
troller (20), because

Valx (1), Q(t), 1] = —x(t) Q%(t) + acllwwa (O IX (1) |

< =X + allwa O IE@]
withx() = [Q' (1) xT ()7,

kI —k/I 0 0 0 O 0
—(k, /I k1 0o 0 0 o0 0
0 0 kgl MI MI 0 0
0= 0 0 M, »I O 0 0
0 0 M, 0 I 0 0
0 0 0 0 0 A, O

| 0 0 0 0 0 0 x|

)_L,,, = mina(Q), x(t), M|, M,, and « defined in Sec. III.A. Note
that Q is positive definite because
k.1 — (k. /2)1
>0
— (k. /2)1 k1
if 0 < k, < 4k, and Eq. (18) is true for appropriate k,, A,,, and A,
Therefore, under the same hypotheses given on the desired angular
velocity and with the same technique used in Sec. III.A, according

to the Barbalat theorem it follows that the control objectives are
verified, with

lim Q@) =0

t— 00

Second, let us consider the stabilization problem with gas jets
only [u, () = 0]. The candidate Lyapunov function is again similar
to Vi[x(1), t] givenin Sec. III.A; to obtain easier computations, the
term that considersthe reaction wheels is slightly different from that
used in V;[x(¢), t]. This function has the form

Vilx(1), Q(t), 1] = Vi[x (1), t] + 3x () x (1)

with x(t) = w,(t) + Q(t) + wy(t) = w(t) + CA(¢), which is such
that [see Eq. (2)]

Valx (1), 1), 1] = Vi[x(1), 1] < =2 x> + allg () 1)

becauseu,(t) = 0, with A,,, x(¢), and « as in Sec. III.A. Using the
same argumentsand Eq. (21) controlsand updating laws, we deduce
that

lim x(¢) =0

t— 00

and the solution of the control problem, with
Vslx(1), (1), 1] < V3[x(0),€2(0), 0] = &, x5 + allwqll2 [l
This last relationshipimplies that €(¢) remains uniformly bounded
" ;inally, let us consider the case in which only reaction wheels are
used [u, (t) = 0]. In this case, using
Valx (1), 1), 1] = Vi[x(@), 1] + $€" (HE(0)
where
£ty = (Jo — 8] 8o)we (1) + LU + 87 1h (1) + Jowq (1)
= Jow(t) + JQ1) + 8T 0 (@)
we have
Valx(1), Qt), 1] = (k, + k)" (Hw. (1) + [e(t) + w. ()]
x {LT0R(Dw. (1) = Nlw. (t), (1), (1), wa ()]
+8; [CP(t) + Kn(1)] — 85 Clow. (1) — u, (1)

+ Aoy (1) = Jiowa (D)} + Velx@®)] + Valx(0)]

where Vf [x(t)] and V,[x(¢)] are as in Eq. (17), because &” &) =
ETOH[-DMER) + u,(t)] = 0 [see Eq. (2)]. Therefore, with the
controller (22) we have again

Vilx (1), (1), 1] < = eI + allwa Ol ke ()

and itis straightforwardto deduce thatthe control problemis solved.
Because

Vil (), (1), 1] < Valx(0), €(0), 0] = A, 1115 + eellewallz x>

Q1) is uniformly bounded in ¢.
Remark 5. For the controls of theorem 2 the same observation
made in remark 3 is valid. O

IV. Simulation Results

An accurate spacecraft model has been implemented on a digi-
tal computer to test the controllers designed in the preceding sec-
tion. These controllers were derived on the basis of the simplified
model (4). The presence of a higher order of elastic mode and of
time-varying terms in the spacecraft model used for simulation, not
consideredin Eq. (4), and the performancesobtained and hereinafter
illustrated,representa spilloverrobustnesstest for the proposed con-
trollers.

The appendageis presumed to be composed of aluminum, 1.5 m
long and with square section (10~* m?), carrying a payload of 1 kg.
Two bending modes are consideredin the plane perpendicularto the
boom, and there are two torsional modes. The piezoelectric films
are made of vinylidene fluoride (PVDF) bonded to the appendage
by bounding layers made of Isotac2® The spacecraftparameters are
summarized in the Appendix, along with those characterizing the
flexible appendageand the piezoelectricand boundinglayers.If £,
Ey, and E;, and 1, t,;, and #, are Young’s modulus of elasticity and
piezoelectriclayer, boundinglayer, and the beam thicknesses, d, is
the piezoelectric charge constant, and b,, is the beam width (equal
to 1, in our case); the constants ¢, and c,,, related to the bending
moments generated by the piezoelectric films, are given by?

 —e = dpby Ep[Enty(t, + ty) + Epty,(t, + 2ty + 1,)]
. » 2(Ept, + Ento + Euty)

In the following simulations the situation described in theorem 1
is considered (absence of reaction wheels), and a tracking maneuver
is described by the following reference quaternions, expressing the
attitude of the desired reference frame R ;:

q,1(t) cos(0.37t)
q.0(t) = cos d>2(t)’ q,,() | = | sin(0.37¢) | sin d>2(t)

qr3(1) 0
®(t) = sin(0.02¢)

Note that if ® were constant, these quaternionswould correspondto
a precession around the z axis; the amplitude of the cone described
during the precession motion is proportional to the angle . Hence,
it is clear that if @ varies sinusoidally, as in our case, one obtains
a spiral maneuver starting from the initial spacecraft attitude. As
® (1) increases, the spiral enlarges, whereas as ®(¢) decreases, the
spiral convergesto the initial attitude. This maneuver,althoughquite
unusual and probably without an immediate applicationin practical
cases, could be interesting as a particular scanning maneuver of a
region of the sky.

For simplicity the initial error quaternions e(0), error angular
velocity w,(0), and modal displacements and velocities 77(0) and
z(0) are presumed zero, but the following results apply without any
substantial difference when these quantities differ from zero for
sufficiently small quantities.

The parameters of the dynamic controller are
k, = 600,

kp B 300, )\.1 B )\.2 B 1012

Ay = hy = 107, Aoy = e, = 10°
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and the chosen initial conditions for the estimated variables are
7(0) = 0 and ¢(0) = 0.

Simulations have been rendered more realistic by considering
saturation on the inputs. The fixed maximum values are u, ., =
30Nm and u, .« = 1400 V, with the latter value related to the
piezoelectric used .

As stressed in Ref. 24, simulations show that the role of the piezo-
electricis to suppress small displacementsduring the tracking. This
not only results in an increase in pointing precision but can also
prevent unstable behaviors of the system. In fact, the presence of
saturation on the inputs can lead to amplified oscillationsand even-
tually to instability,as described by Figs. 2-4, whichreferto the case
of absence of piezoelectricactuators. The great activity of the inputs
and their discontinuity (Fig. 3) amplify tip displacements (Fig. 4)
and error quaternions (Fig. 2).

On the other hand, when piezoelectricactuators are present, these
small vibrations during tracking maneuvers can be successfully at-
tenuated. Because of the damping of these vibrations, with the active
control it is possible to more accurately track the desired trajectory,
as shown by Figs. 5-10. In fact, the other actuators are now less
active (the gas jets, Fig. 8) and the resulting control action is more
precise due to the piezoelectriccontribution (Fig. 9). Comparison of
Fig. 3, where the thrustersare almost always firing, with Fig. 8 helps
us to understand the cost benefit, in terms of fuel consumption, of
using piezoelectricdampers. The behaviorof the elastic oscillations
takes advantage of this increase of control accuracy (Fig. 10), and
the tracking errors are less pronounced, as shown by Fig. 5 and by
Figs. 6 and 7. Moreover, the x and y deflections are now almost
equal; this does not appear in the absence of active damping (Fig. 4)
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0.5 i

. I I I
50 100 150 200 250

Fig.2 Error quaternion ey (?).

ug(t)

.40 . ! ! ! I
0 50 100 150 200 250

Fig.3 Inputs ug(t), uy(t), and ugs(t), newton meters.

ug (1, t)
02k i
01F
0
ot i
02} .
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Fig.4 Tip displacements u,(/, ) and u,(l, t), meters.

_1 Il Il 1 N 1
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Fig. 5 Quaternions go(¢) and g, ).
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0.2

- ; 2 L L I
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Fig. 6 Quaternions g; (¢) and ¢;,(¢).

inasmuch as the controlaction, carried2 out by the thrusters, is more
imprecise because of the saturation limits and their discontinuous
nature.

Results similar to those presented can be obtained when we con-
sider the situations presented in theorem 2, when the gain k, (and/or
the saturation value u, ) for the reaction wheels is low compared
with the control activity necessary to suppress the (fast) elastic de-
flections.
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Fig.9 Piezoelectric inputs u,;(¢) and up;(t), volts.

Note that, if the control law is applied to the simplified model
(4), used to derive the control, the unstable behavior shown in Fig. 2
does not appear. It is clear that this is due to the effects of the modal
dynamics and time-varying terms, absent in the model (4). Such a
sharp difference of behavior cannot be appreciated when the active
control is present, because the piezoelectric actuators determine a
more exact control action, as earlier discussed. In this sense we can
affirm that the presence of these actuators furnishesa certain degree
of robustness to the control scheme.

ug(l, 1)
0.04} : i

0.021 ‘ .

-0.02 b
-0.04 - A

uy(l,t)

0.041 7

I L
50 100 150 200 250

Fig. 10 Tip displacements u,(/, t) and u,(l, t), meters.

V. Conclusions

We have proposed dynamic controllers based only on spacecraft
position and velocity measures. It is shown that active actuators,
consisting of piezoelectric films bonded to the flexible appendages,
can be successfully used not only for damping out small vibrations
at the end of a slewing maneuver, but also when we deal with tra-
jectory tracking in presence of input saturation. It results that such
actuatorsincreasethe robustnessof the controller. This suggests that
robustness of control schemes can be obtained by exploiting struc-
tures containing a certain degree of actuation. Therefore, further
research should address problems concerning structural parameter
uncertainties.

Appendix: Spacecraft Parameters

Spacecraft:
41427 27879 9.2362 10 0 0
Jo=|27879 31450 11.542], =0 10 0
9.2362 11.542 210.73 0 0 10
6.4182 3.5926 —1.0837
—222907 —4.0724  0.8487
5 —4.4891  6.4182 1.8061
"7 | 4.0088 —22.2907 —1.4145
0 0 134.6129
0 0 —129.3626
8.8003 x 1076 0
—8.7996 x 10~° 0
5 — 0 8.8003 x 107
? 0 —8.7996 x 106
0 0
0 0
Flexible appendage (aluminum):
E, = 6.8 x 10" N/m?, f, =102 m, I=15m

Wy = Wy = 22.6rad/s, Wyy = Wyy = 141.3

w,; = 800.3, w,, = 2328.6
{xl = ;\'1 = Czl = OOOL C,\'Z = ;\'2 = 512 = 0.00001
Bounding layer (Isotac):

Ey = 1.1 x 10°N/m?, ty =042 x 10 m
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Piezoelectric layer (vinylidene fluoride):

E, =2 x10°N/m?, t,=21x10"m

d, =22 x 1072 m/V
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